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Abstract 
Hughes, R.B., Minimum-cardinality triangulations of the d-cube for d =5 and d =6, Discrete 
Mathematics 118 (1993) 75-118. 
We show that the minimum number of simplices in a triangulation of the 5-cube is 67, and that 
among the corner-slicing triangulations of the 6-cube the minimum number of simplices is 324. 
1. Introduction and definitions 
We will be interested in finite triangulations of the d-dimensional cube Id, where 
I = [0, 11, into simplices whose vertices are the vertices of the cube itself. Let q(d) be 
the number of simplices in a minimum-cardinality triangulation of Id. Both the 
asymptotic behavior of {q(d)) [l l-131 and the values of q(d) for small d have been 
studied [7]. Results in this area have implications concerning the efficiency of various 
numerical algorithms for computing fixed points. The lowest-dimensional nontrivial 
result, cp(3)=5, was established by Mara [lo]. Several authors have proved (p(4)= 16 
[6,9-121. It is known that 6Od(p(5)<67 since triangulations of I 5 with 67 simplices 
have been given [l-3,9,11,13], and Sallee introduced linear programming to estab- 
lish lower bounds which for dimension 5 give 60 [12]. Broadie and Cottle [4] have 
shown that among all corner-slicing triangulations of I5 the minimum cardinality is 
67. (A triangulation of Id is corner-slicing if it contains the corners at 2d-’ mutually 
nonadjacent vertices.) We extend Sallee’s linear programming approach to show 
(p(5)367 and consequently (p(5)=67. For I6 we restrict our attention to corner- 
slicing triangulations, and using similar methods show that every such triangulation 
contains at least 324 simplices. Then we show the existence of a corner-slicing 
triangulation of I 6 with 324 simplices. Thus among all corner-slicing triangulations of 
Z6 the minimum cardinality is 324. 
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In this paper, any simplex in Id has all its vertices among those of Id. We use c for 
the centroid of Id, c=(O.5 , . . . . 0.5) and e for the row vector (1, 1, . . . . 1). 
It is well known that in Rd, the volume of a d-simplex is 
W!)ldetC~,e’ll, (1.1) 
where B is the (d+ 1) x d matrix whose rows are the coordinates of the vertices. 
Moreover, for d-simplices whose vertices are the vertices of Id the possible volumes are 
j/d! withjE{1,2,... ,md} where md=1,2,3,5,9 for d=2,3 ,..., 6. (1.2) 
A facet of a simplex contained in a polytope P is an exterior facet if it is a subset of 
a facet of P. 
We need a few more known facts about exterior facets of Id [12, p. 2121. 
Lemma 1.1. For d > 2, any d-simplex in Id has at most d exterior facets. 
Lemma 1.2. Zf a d-simplex in Id has k exterior facets, then each exterior facet has at 
least k - 1 exterior facets relative to the (d - 1)-cube in which it lies. 
Also ifs is a d-simplex in Id with exterior facet F, then s is a pyramid with base F and 
altitude 1 and thus 
(l/d)((d - 1)-volume of F)=volume of s. (1.3) 
As a consequence of these Lemmas, (1.2), and (1.3), the number of exterior facets of 
a d-simplex in Id of volume j/d! is bounded above by 
m(G) = 
d if j= 1, 
d-min{k: j<mk} if j>2. 
The following definition will be helpful, 
Definition 1.3. Let s be a d-simplex in Id. Let S’ be the set of exterior facets of s and 
note that each of these is a (d - 1)-simplex in a facet of Id that is a copy of Id-‘. Then, 
considering the facets of Id to be disjoint, let S2 be the set of exterior facets of the 
(d - 1)-simplices in S’. Continuing in this manner, let S3, . . . , Sdp2 be similarly defined. 
Then the (d - 2)-tuple (IS’ 1, . . . , ISd-21) is the exteriorfacet tuple of s. 
Let P be a d-polytope. Let T be a finite collection of d-simplices which are subsets of 
P. T is a triangulation of P in the case where the following hold: 
(a) u T=P, and 
(b) the intersection of any two simplices in T is a face of each of them. 
We call two d-simplices in Id adjacent if their intersection is a facet of each of them. 
We introduce configuration classes to increase efficiency in establishing certain 
results. Our definition uses mappings from Rd to Rd of the form 
A(x)=(1/2)(e_eQ)+xQ 
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where x=(x1, . . . . xd) and Q is a d x d matrix obtained by multiplying some entries of 
a permutation matrix by - 1. Applied to vertices of Id, these mappings permute the 
coordinates and for some components switch O’s and 1’s. Ifs is a d-simplex in Id with 
vertices vi, . . . , ud+ 1, then the image of s under the map A is the congruent simplex A(s) 
with vertices A(v,), . . . , A(v~+~). The set of ordered pairs (s, A(s)) is an equivalence 
relation and we call the equivalence classes conjiguration classes. Since A(c)=c and 
A preserves affine combinations, we note that the barycentric coordinates of c relative 
to the vertices of s are the same as those relative to the vertices of A(s). The simplices 
s and A(s) have the same exterior-facet tuple. Also, for any facet F of s and correspond- 
ing facet G of A(s), the mapping A induces a one-to-one correspondence between the 
set of all simplices in Id which are adjacent to s with common facet F and the set of all 
simplices in Id which are adjacent to A(s) with common facet G such that correspond- 
ing simplices are in the same configuration class. 
Sections 7-11 of this paper are concerned with corner-slicing triangulations of Z6 
and we briefly turn to this topic for Id. For any vertex u of Zd the corner at u is the 
simplex conv{u,ul,uz, . ..) ud} where vi, . . . . ud are the vertices of Zd adjacent to u in Zd. 
A vertex of Id is called odd or even according to whether the sum of its coordinates is 
odd or even. One can show that the corners at two adjacent vertices of Id have 
intersecting interiors and thus cannot both be in the same triangulation of Id. Also one 
can show with induction that any maximum-cardinality set of mutually nonadjacent 
vertices of Id contains exactly 2d-’ vertices and the set of all odd vertices and the set of 
all even vertices are the only such sets. For definiteness we study corner-slicing 
triangulations of Id which contain the corners at the 2d-’ odd vertices. For d 2 3 we let 
Qd be the convex hull of the 2d-’ even vertices of Id. Thus we are concerned with 
corner-slicing triangulations of Z d, for d =6, which consist of triangulations of 
Qd along with the corners at the odd vertices of Id. 
Section 2 contains some theorems about triangulations and some results about the 
barycentric coordinates of c relative to simplices in Id. Sections 3-6 are concerned 
with Z5. In Section 3 we define the configuration classes for Is. These establish 
a partition of the set of simplices of volumes 5/5!, 4/5!, and 3/5!. In Section 4 we impose 
a partition on the simplices of volumes 2/5! and l/5! into configuration classes and 
other classes based on exterior-facet structure. Section 5 is a list of some classes of 
simplices which are adjacent to simplices from various configuration classes. In 
Section 6 the linear programming approach is developed and the main result for 
dimension 5, (p(5) >, 67, is proved. The development in Sections 7-10 for corner-slicing 
triangulations of Z6 parallels Sections 3-6. In Section 11 we show the existence of 
a corner-slicing triangulations of Z6 with cardinality 324. 
2. Some general theorems 
This section consists of some general results about triangulations of polytopes 
which we feel deserve to be isolated as theorems and which we use in Sections 7-l 1. It 
78 R.B. Hughes 
also contains results about the barycentric coordinates of c relative to simplices in Id 
which we use repeatedly in the sequel. 
Theorem 2.1. Let s1 and s2 be simplices in a triangulation T of a d-polytope P with 
vertex sets U={uI, . . ..&.+I} and V=(vl, . . ..ud+l }, respectively. Suppose some point 
P satisjes P=cfz,’ EiUi=C;L: PjVj where 1 =I;:, ai=~~~: fij and a/[ ai and fij are 
nonnegative. Then {Ui: ai>O}={Vj: pj>O} an d moreover Cli = /Ij whenever Ui = Uj. 
The proof is easy and we omit it. 
To help show that certain collections of simplices are triangulations, we present 
some alternative characterizations of a triangulation. 
Theorem 2.2. Let T be ajinite collection of d-simplices which are subsets of a polytope 
P in Rd. Suppose the following hold: 
(a) u T= P; 
(b) any two distinct simplices in T have disjoint interiors; 
(c) ifs and t are simplices in T with dim(sn t)=d - 1, then sn t is a facet of both s 
and t. 
Then T is a triangulation of P. 
Proof. Gruber and RySkov have presented an analogous theorem about tilings of 
Rd [S]. The proof given there carries over to our situation. 0 
Theorem 2.3. Let T be a finite collection of d-simplices which are subsets of a polytope 
P in Rd. Suppose the following hold: 
(a) CssT vol(s) = vol(P); 
(b) ifF is afacet of a simplex s in Tand F is not an exteriorfacet, then there is another 
simplex t in T whose interior is disjoint from the interior of s and which also has F as 
a facet. 
Then T is a triangulation of P. 
Proof. We show that (a), (b), and (c) of Theorem 2.2 hold. 
Suppose (a) does not hold. Then there is a point x of P not in U T and a point 
y interior to some r in T such that the segment [x, y] intersects the boundaries of 
simplices of T only in relative interior points of facets. Among these intersections, 
consider the one closest to x, say x1. Suppose x1 is the intersection of [x, y] with 
a facet F of a simplex s in T. Then [x,x1 [n s is empty. Therefore some other simplex 
t in T, whose interior is disjoint from the interior of s, has F as a facet. But x is not in t, 
and the open segment ] x, x1 [ intersects the relative interior of some facet of t which is 
a contradiction. Thus (a) of Theorem 2.2 holds. 
Then from (a) of the current theorem, it follows that (b) of Theorem 2.2 holds. 
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Now suppose r and s simplices in T with dim(r n s) = d - 1. Let H be the hyperplane 
aff(rns) and let u be in the relative interior of r ns, ri(r ns) [S]. We claim H is 
a supporting hyperplane of r. If it is not, there are points x and y of r on opposite sides 
of H with x in int(r). Then z := H n [x, y] is in int(r) [S, Chapter 31. Then either z = u or 
the nonempty segment [z, u[ c int(r). In either case some point w of s is in int(r) which 
leads to a contradiction of our assumption about r and s and thus establishes the 
claim. Then F := H n r has dimension d - 1 and is thus a facet of r. Similarly G := H n s 
is a facet of s. Making use of u in ri(F) n ri(G), we see that r and s are on opposite sides 
of H. Then by (b) of the current theorem, there is a simplex t of T such that t has F as 
a facet and r and t have disjoint interiors. Then r and t are also on opposite sides of H. 
But then s and t fail to have disjoint interiors which implies s = t. Then r n s = F, and (c) 
of Theorem 2.2 holds. Then using Theorem 2.2, we see T is a triangulation of P. 0 
In Section 11 we need the following. 
Theorem 2.4. Let P be a d-polytope contained in a polytope Q in Rd. Suppose T is 
a triangulation of P. Then T can be enlarged to form a triangulation T’ of Q such that 
any vertex of a simplex of T’ is either a vertex of a simplex of T or a vertex of Q. 
Proof. Let vl,vZ, . . . . v, be an ordering of the vertices of Q. We carry out a correspond- 
ing sequence of enlargements of T which end in T’. 
We set To= T, PO =P, and initialize i at 0. The triangulation T’ induces tri- 
angulations Ti = {s$ : k = 1,2, . . , rij} on the facets Fj of Pi. In fact these triangulations 
have the additional property that the intersection of sjk and &, is a face of each 
even if j# 1. Let yj be the outward unit normal of the facet Ff of Pi and suppose 
aff(Fj)={x: (yj,x)=crj}. Then for all facets Fj of Pi with (yj, vi+r)>clj, we form 
the pyramids pa=conv(sf,“{vi+i}) for k=l,2,...,rij. We set 
Tr+‘=T’~{pj,: (yj,vi+,)>,j and k=l,2,...,rij} 
and Pi+l = ne can show that Pi+l =conv(Piu {vi+,}) and by Theorem 2.2, 
say, that T'r yi'zangulation of Pi+ 1. 
We increment i by 1 and repeat the above process. We continue this until i = n. The 
final polytope P, is Q since it is a convex subset of Q containing all the vertices of Q. 
We set T’= T” to obtain the conclusion of our theorem. 0 
Simplices contained in Qd have some special properties. Broadie and Cottle have 
shown that ifs is a d-simplex in Qd with volume j/d!, then j is even [4]. The next two 
theorems are concerned with simplices in Id but give additional information for 
simplices in Qd when d is even. 
Theorem 2.5. Let s be a d-simplex of volume k/d! in Id. Let CI be one of the barycentric 
coordinates of c relative to s. Then a is j/(2k) f or some integer j which is even t$d is even 
and s is a subset of Qd. (If we switch O’s and l’s in the matrix used in the next section to 
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define YZS, the resulting matrix represents a simplex which shows the need of the 
evenness assumption.) 
Proof. Suppose s is represented by (Vii) with rows vr, . . . . ud+ 1 and suppose c has 
barycentric coordinates (czr , . . . , c$,+l) with respect to s. As a notational convenience 
we consider cur. By Cramer’s rule 
0.5 u2t ..* vd+l,l 
0.5 V2d ... ud+l,d 
1 1 . . . 1 
LX1 = 
By the volume assumption the denominator has absolute value k. Twice the absolute 
value of the numerator is 
vd+ t,d 
1 1 
from which the result follows. 0 
Theorem 2.6. Let s=conv{v,, . . . . ud+r } be a d-simplex in Id. Suppose the barycentric 
coordinates of c relative to s are (C(~, . . . . ad + 1 ) and suppose some Ui < 0. Then there is 
a simplex t in Id which has a larger volume than s and which is adjacent to s. If, in 
addition d is even and s is a subset of Qd, then there is a simplex t as above which is 
a subset of Qd. 
Proof. For definiteness, suppose CQ ~0. Then t:=conv{v1,v2, . . ..vd+l}. where 
a1 = e - 0 
Theorems 
3 and 
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Our only configuration class of simplices of volume 5/5!, ZZ, is generated by the 
simplex represented by the matrix 
00110 
0 0 1 0 1 
00011 
0 1 0 0 0 
1 0 0 0 0 
1 1 1 1 1 
zz vol 5/5! 
0.1 
0.1 
0.1 
0.2 ’ 
0.2 
0.3 
where we have given the barycentric coordinates of c relative to the simplex. Note that 
c is in the interior of any simplex in ZZ. We turn to volume-4/5! classes. 
The configuration classes YZ, YZS and YN are represented by 
-0 0 1 0 1’ 
00110 
01011 
01000 
10000 
-1 1 1 1 1. 
YZ vol 4/5! 
l/8 
118 
118 
118 
l/4 
l/4 
0 0 0 0 1’ l/8 -1 0 0 1 l--1/8 
0 0 0 1 0 l/8 1 0 1 0 0 l/8 
0 0 1 0 0 l/8 1 1 0 0 0 l/8 
0 1 0 0 0 l/8 00001 l/4 
1 0 0 0 0 l/8 00010 l/4 
1 1 1 1 l-3/8 -1 1 1 1 1, 3/8 
YZS vol 4/5! YN vol 4/5! 
Thus c is interior to simplices in YZ and YZS and simplices in YZS are highly 
symmetric. On the other hand, c is not interior to simplices in YN. 
The classes YRI and YR2 are represented by 1 01001 01101   ’0   1 l/4 0 
l&1/4 
11010’0 
01100 0 
00110 l/4 
01001 l/4’ 
10000 l/4 
1 1 1 1 l-1/4 
YRZ vol 4/5! YR2 vol 4/5! 
For each simplex in either of these classes, c is in the relative interior of a 3-face (ridge) 
of the simplex. 
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We turn to volume-3/5! classes. The classes XCI, XC2, and XE are generated by 
-00011 l/6 0 0 0 1 1’ l/6 -0 1 1 1 0 
00101 l/6 00110 l/6 01101 
01000 l/6 01100 l/6 10100 
10000 l/6 11000 l/6 11000 
1 1 1 1 0 l/6 10001 l/6 00000 
-11111 l/6 1 1 1 1 1, l/6 -1 1 1 1 1 
xc2 vol 3/5! xc2 vol 3/5! XE vol 3/5! 
- 0 
0 
0 
0 
112 
- 112 
For any simplex in XC1 or XC2, the centroid of I 5 coincides with the centroid of the 
simplex. Any simplex in XE has an edge containing c in its relative interior. 
The classes XEFI, XEF2, XEF3, XEF4, and XEFS are generated by 
-1 10 10--l/6 -1 0 1 1 1 -l/3 -1 0 0 0 1’ 0 
11100 -l/6 00011 l/6 01101 0 
00110 l/6 00101 l/6 10100 0 
01000 l/3 00110 l/6 11000 0 
10000 113 10000 l/3 00000 l/2 
,l 1 1 1 1, l/2 -11111 l/2 -1 1 1 1 1, l/2 
XEFI vol 3/5! XEF2 vol 3/5! XEF3 vol 3/5! 
I 
00111’0 
01011 0 
01101 0 
01110 0 
00000 l/2 
1 1 1 1 l-1/2 
0 1 1 1 1’ -l/6 
00001 l/6 
00010 116 
00100 l/6 . 
01000 l/6 
1 1 1 1 1, l/2 
XEF4 vol 3/5! XEFS vol 3/5! 
Note that any simplex in any of these classes has exterior-facet triple (l,O,O). 
The classes XFI, XF2, XF3, and XF4 are generated by 
-00001 0 -10001 0 ‘1 1001’ 0 -11101 
00011 l/6 0 0 0 1 1 l/6 0001 1 l/6 00011 
00100 l/6 00100 l/6 0 0 1 0 0 l/6 00100 
01000 l/6 01000 l/6 0 1 0 0 0 l/6 01000 
10000 l/6 10000 l/6 10000 l/6 10000 
,l 1 1 1 1 l/3 -1 1 1 1 1 l/3 ,l 1 1 1 l-1/3 ,l 1 1 1 1 
XFI vol 3/5! XF2 vol 3/5! XF3 vol 3/5! XF4 vol 3/5! 
0 
l/6 
116 
l/6 . 
116 
l/3 
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In each case, any simplex of the class has a facet which contains c in its relative 
interior. 
The last of our volume-3/5! classes are XNZ and XN2 represented by 
-0 0 0 0 0’ -l/6 ‘0 0 0 0 0’ -l/6 
00101 l/6 00011 l/6 
0 100 1 l/6 01101 l/6 
10011 l/6 10001 l/6 . 
00010 l/3 00110 l/3 
-1 1100, l/3 -1 1000, l/3 
XNZ vol 3/5! XN2 vol 3/5! 
The centroid of the cube is not interior to simplices in either of these classes. Thus far 
the only configuration classes of simplices with exterior facets are XEFI, XEF2, XEF3, 
XEF4 and XEFS. 
The classes of simplices defined so far are also given by Biihm [a]. 
We need some configuration classes of simplices of volumes 2/5! and l/5! which we 
now define. We append the exterior-facet triples. First we define the volume-2/5! 
configuration classes we use: 
-1 0 1 0 1’ 0 10010’ 0 00001’ 0 -10011 0 
01000 0 10001 0 01010 0 01101 0 
00110 l/4 00110 l/4 00111 l/4 10100 0 
01001 l/4 01001 l/4 01000 l/4 11000 
1 
0 
10000 l/4 10000 l/4 10000 l/4 00000 l/2 
-1 1 1 1 1. l/4 11111. l/4 11111. l/4 .l 1 1 1 1 l/2 
(O,O,O) vol 2/5! (O,O, 0) vol 2/5! (0, 0,O) vol 2/5! (O,O, 0) vol 2/5! 
WIA WIB WIG WlD 
-01111 -l/2 -0 1 0 1 1’ -l/2 -1 1 1 10’ -l/2 
01110 l/4 01110 0 10011 -l/4 
00011 l/4 00101 0 10100 l/4 
00101 l/4 01001 l/2 11000 l/4 
01000 l/4 00010 l/2 00010 l/2 
-11111 l/2 -1 1 1 1 li l/2 -1 1 1 1 l_ 3/4 
(l,O,O) vol 2/5! (l,O,O) vol 2/5! (1, 0,O) vol 2/5! (l,O,O) vol 2/5! 
‘1 0 1 0 1’ -l/2 
00011 0 
00110 0 
00101 l/2 
10000 l/2 
.l 1 1 1 1, l/2 
W2A W2B w2c W2D 
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-l/4 
- l/4 
l/4 
l/4 
112 
l/2 
‘1 1 0 1 1 -l/4 
11001 0 
00011 114 
01000 l/4 
10000 l/4 
-11111 I l/2 
(l,O,O) vol 2/5! (l,O,O) vol 2/5! 
W2E W2F 
Then we continue with the volume-l/5! classes. 
1 
I 
0 0 0 0 0’ 
10101 
11011 
00011 
01100 
10000, 
-l/2 
0 
0 
112 
1 112 112 
(O,O,O) vol l/5! 
VOA VOB voc VOD 
-00100 
10010 
10101 
01011 
00000 
-11111 
0 
0 
0 
0 
112 
112 
00110 
01001 
10010 
11000 
00000 
1 1 1 1 1 
0 -0 0 0 0 1’ 0 ‘1 10 0 1’ -l/2 
0 11000 0 00010 -l/2 
0 01110 0 00011 l/2 
0 01101 0 01000 l/2 
l/2 00000 l/2 10000 l/2 
l/2 -1 1 1 1 1, l/2 -1 1 1 1 l_ l/2 
I 01000  0 1111   1 0 1 1, ’ -l/4 l/ ’  20
(l,l,O) vol 2/5! 
W3A 
11001--l/2 -10001 0 ‘0 0 0 0 1’ 0 
11110 -l/2 01010 
1 
0 10000 0 
00011 
0 01100 0 00110 0 
01000 l/2 10110 0 01011 0 
10000 l/2 00000 l/2 00000 l/2 
111 , 1 .1 1 1 1 1 l/2 .l l_ 1 1 1 l/2 
(O,O,O) vol l/5! (O,O, 0) vol l/5! (O,O, 0) vol l/5! 
(O,O,O) vol l/5!! (O,O,O) vol l/5! (O,O, 0) vol l/5! (l,O,O) vol l/5! 
VOE VOF VOG VIA 
-00000 -l/2 11 11 o--1 
01100 0 10001 -l/2 00001 
01111 0 10010 l/2 
00001 112 10100 l/2 
00110 l/2 01000 l/2 
_11000 l/2 11111, 1 
(l,O,O) vol l/5! (l,O,O) vol l/5! (1, 1,3) vol l/5! (1, 1,3) vol l/5! 
VZB VZC V4A V4B 
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10000 -1-00000 
01000 -1 10001 
00100 l/2 01001 
00010 l/2 00101 
00001 l/2 00010 
11000 3/2_10000 
-1 
-l/2 
l/2 
l/2 
l/2 
‘00000 
10001 
10000 
01000 
00100 
.00011 
-1 
0 
l/2 
l/2 
l/2 
l/2 
‘1 0 0 0 1’ l/2 
01000 l/2 
00100 l/2 
00010 l/2’ 
00001 0 
.ooooo_-1 
(3,6,6) vol l/5! (3,6,8) vol l/5! (3,7,13) vol l/5! (4,13,33) vol l/5! 
V25A V26A V28A V34A 
(The reader will be more comfortable with the numbering a little later.) 
In the remainder of this section we show that every 5-simplex in I 5 of volume 5/5!, 
4/5!, or 3/5! is in one of the configuration classes which we have defined. We start with 
the volume-5/5! case. 
We generate all configuration classes of 5-simplices of volume 5/5!. Our technique is 
to consider various 6-tuples and for each of these find all the configuration classes of 
simplices with respect to which c has the 6-tuple for its barycentric coordinates. From 
Theorems 2.5 and 2.6 and (1.2) we see that it suffices to consider only 6-tuples 
(01 r,...,~l~)withccrd... d tag, each Cli in {O,O.l, 0.2,0.3,0.4,0.5}, and of course I:= 1 Cli = 1. 
Suppose V with rows vi, . . . . v6 is a matrix representing a simplex with respect to 
which c has the barycentric coordinates (c(~, .. . , a6) where CX~E {0.4,0.5}. Without loss 
of generality we assume vg = e. Then vg = 0 and consequently 
jdet[V,ee’]l=jdet[v~ ,..., vk,eflfl. 
By (1.1) and (1.2) the last expression does not exceed 3 and we conclude there are no 
configuration classes of simplices of volume 5/5! corresponding to (ai, . . . . as). 
The 6-tuples (0,0,0.1,0.3,0.3,0.3}, (0,0,0.2,0.2,0.3,0.3), (0,0.1,0.1,0.2,0.3,0.3), and 
(O.l,O.l, 0.1, 0.1,0.3,0.3) are similarly ruled out from having any corresponding config- 
uration classes of simplices of volume 5/5!. 
Suppose V=(v,) is a matrix with last row e representing a simplex of volume 5/5! 
with respect to which c has the barycentric coordinates (0,O. 1,0.2,0.2,0.2,0.3). Sup- 
pose two columns of V, say 1 and 2 with vlr = 1, are identical except for their first 
entries. Then 
ldet[V,e’]l= det 1 = det 
v22 ‘.. v25 1 
v62 “. v65 1 
which by (1.1) and (1.2) does not exceed 3 and thus no such pair of columns exists. 
But then there are not enough columns to form V and we conclude that 
(0,O. 1,0.2,0.2,0.2,0.3) has no corresponding configuration classes of simplices of 
volume 5/5!. 
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One easily sees that any simplex, with respect to which c has the barycentric 
coordinates (O.l,O.l, 0.1,0.2,0.2,0.3), is in ZZ. 
The 6-tuple (0,0.2,0.2,0.2,0.2,0.2) is rather trivially ruled out from generating any 
configuration classes since no subset of these coordinates has sum l/2. 
Finally, suppose V with rows ur, . . . . v5, e is a matrix representing a simplex s with 
respect to which c has the barycentric coordinates (O.l,O.l, 0.2,0.2,0.2,0.2). Then 
v1 + v2 = V~ and vg + vq + vg = us which imply the rank of V is at most 4. But then the 
volume of s, ldet [ V, e’] l/5!, must be 0 which is a contradiction. Thus no configuration 
classes are generated in this case and ZZ is the only configuration class of simplices of 
volume 5/5!. 
Before turning to classes of smaller volume and in preparation for applying 
Theorem 2.6, we wish to record the configuration classes of simplices of volumes 4/5! 
and 3/5! which are adjacent to ZZ simplices. The adjacent simplices are determined in 
the following manner. Take any simplex s in ZZ. Then for each facet F and opposite 
vertex v find an equation of the hyperplane H determined by F and then find the 
vertices vr, . . . . v,, of 1’ which are on the side of H opposite to v. The pyramids si with 
base F and apices vi are the adjacent simplices with common facet F. Omitting the 
calculations, for any simplex in ZZ the configuration classes of adjacent simplices of 
volumes 4/5! and 3/5! are 
YN, XNI, and XEF2. (3.1) 
We turn to simplices of volume 4/5! with the goal of showing that each of these is in 
one of the configuration classes we have defined. From Theorem 2.6 and (3.1) we see 
that any volume-4/5! simplex, with respect to which c has at least one negative 
barycentric coordinate, is in YN. Thus, to be sure that we have all volume-4/5! 
configuration classes, it suffices to generate the additional classes corresponding to 
6-tuples (aI, . . . , c(~) with XI<... <CC,, each cCi~{O, l/8,1/4,3/8,1/2}, and CF=, Cli= 1. 
Following the reasoning presented in the volume-5/5! case, one sees there are no 
configuration classes of simplices of volume 4/5! corresponding to 6-tuples of the form 
as, l/2) or (PI, . . ..L. 3/8) 
;z;16: ;;;4 
with B5> l/4. This leaves only the 6-tuples 
, . . . , l/4), (O,l/8,1/8,1/4,1/4,1/4), (l/8, . . ., l/8, l/4,1/4), and (l/8, . . . . l/8,3/8) 
for further consideration in the volume-4/5! case. 
Suppose s is a simplex in I 5 of volume 4/5! with respect to which c has the 
barycentric coordinates (O,O, l/4, . , l/4). Then s is in the same configuration class as 
a simplex represented by a matrix of the form 
Vll v12 013 v14 015 
021 022 v23 024 025 
(Vij)’ : (f A A :I: 9 
1 0 0 0 0 
-1 1 1 1 l_ 
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where exactly one of us5 and vb5 is 1. If vs5= 1, then by (1.1) and (1.2) 
VI3 v14 v15 
D:=ldet[(v;j),e’]I=2 det ~23 ~24 ~25 62, 
[ 1 1 1 1 
which contradicts the volume assumption and we concude v35 = 0 and v45 = 1. Then 
From this we see that s is in the configuration class represented by 
u11 1 0 1 0 
v2i 1 1 0 0 
0 0110 
0 1001 
1 0 0 0 0 
1 1 1 1 1 
The choices [z] and [ :] for [ :;;I give matrices representing YRZ while [ y ] and [A] 
lead to YR2. 
One easily sees that (0,1/8,1/8,1/4,1/4,1/4) has no corresponding configuration 
classes and that (l/8, . . . . l/8, l/4, l/4) and (l/8, . . . . l/8,3/8) lead only to YZ and YZS, 
respectively. 
We conclude that every 5-simplex of volume 4/5! in Z5 is in one of our classes YZ, 
YZS, YN, YRl, and YR2. Also we record the configuration classes of volume-3/5! 
simplices adjacent to simplices from these classes: 
XNZ, XN2, XEFS, XCI, XEFI, XF2, and XEFZ. (3.2) 
We are finally ready to prove that every simplex of volume 3/5! in Z5 is in one of the 
configuration classes we have defined. From Theorem 2.6, any volume-3/5! simplex 
with respect to which c has at least one negative barycentric coordinate is in one of the 
classes of (3.1) and (3.2). It suffices to generate the additional configuration classes 
corresponding to all 6-tuples (c~i, .. . , c16) with tli < ... < cz6, each MiE {0,1/6,1/3,1/2$, 
and Cr=, ai= 1. 
Let l’=(Vij) with rows VI,..., v5, e represent a simplex in I 5 of volume 3/5! with 
respect to which c has the barycentric coordinates (0, . . . , 0,0.5,0.5). Then ug = 0 and 
thus ldet [v: , . . . , vi, et]‘1 = 3. Using an observation of Cottle [6, p. 281, if we view the 
columns [Vlj, . . . , ~,~],j = 1, . . . ,5, as vertices of Z4, one of them is some vertex u and the 
others are each a distance 1 from the antipodal point of u. Not distinguishing between 
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results for row and column interchanges, we have five possibilities 
-00111 
01011 
01101 
01110 
00000 
-11111 
(a) 
00111 11000’ 
01011 10100 
10010 10010 
10001 10001 ’ 
00000 00000 
1 1 1 1 1 1 1111, 
(b) (c) (d) (e) 
where (a) and (e) represent XEF4, (b) and (d) represent XEF3, and (c) represents XE. 
Some rather easy arguments show that the 6-tuples (O,O,O, l/6,1/3,1/2), 
(O,O, l/6,1/6,1/6,1/2), (O,O, 0,1/3,1/3,1/3), and (O,O, l/6,1/6,1/3, l/3) do not generate 
any configuration classes. 
Suppose s is a simplex with respect to which c has barycentric coordinates 
(0,1/6, . . . , l/6, l/3). Then s is in the same configuration class as a simplex represented 
by a matrix of the form 1 01 u2 v3 v4 05 0 0 0 1 1 v= 0 0 1 0 0 
0 10 0 0’ 
1 0 0 0 0 
1 1 1 1 1, 
We must have 3 = ldet [ V, e’] I= 3 1 v4 - v5 I. This yields the configuration classes XFZ, 
XF2, XF3, and XF4 according to whether there are one, two, three, or four l’s in the 
top row. 
Suppose s is a simplex with respect to which c has the barycentric coordinates 
(l/6, . . . . l/6). First suppose there are two vertices of s, say v5 and vg, which are 
a distance 1 apart. Then the configuration class containing s is represented by a matrix 
of the form 
-0 0 0 1 VI- 
0 0 1 0 v2 
0 1 0 0 vj 
1 0 0 0 ’ vq 
1 1 1 1 0 
,I 1 1 1 1, 
where exactly two of v1 , v2, v3, and v4 are 1’s. All choices for the two l’s yield matrices 
representing the class XCZ. 
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Now suppose s fails to have two vertices a distance 1 apart. Then one can show that 
s has two vertices a distance ,/2 apart. Thus there is a simplex in the same configura- 
tion class as s represented by a matrix of the form 
‘0 0 0 1 2)i 
0 0 1 1 v2 
0 1 0 0 v3 
1 0 0 0 vq 
1 1 1 0 0 
,l 1 1 1 1 
where there are exactly three l’s in each column. The only possibilities for (vi, . . , u4) 
which yield matrices of rank 5 and avoid representing XC2 simplices are (0, 1, 1,0) and 
(0, l,O, 1). Both of these yield matrices which represent XC2 simplices. 
Thus every volume-3/5! simplex in I 5 is in one of the configuration classes 
XCI, XC2, XE, XEFl, XEF2, XEF3, XEF4, XEFS, XFl, XF2, XF3, XF4, XNI, and XN2. 
We have fulfilled all promises for this section. In the next section we are concerned 
with classes of simplices of volumes 2/5! and l/5!. 
4. Exterior-facet classes for the 5-cube 
The configuration classes of simplices of volumes 5/5!, 4/5!, and 3/5! form a parti- 
tion of the sets of simplices of these volumes. We have defined some configuration 
classes of simplices of volumes 2/5! and l/5!. Rather than continuing with the rest of 
the configuration classes, we establish coarser partitions of the sets of simplices of 
these volumes. We define classes based on exterior-facet triples. Two simplices in the 
same exterior-facet class are not necessarily congruent. These classes will serve less 
well than configuration classes for forming constraints based on adjacency conditions 
but have the advantage that we can get by with far fewer of them. We have introduced 
enough configuration classes to accomplish our goals. 
The way we define these new classes is quite simple. For any exterior-facet triple for 
simplices of volume 2/5! (l/5!), if there exist simplices of volume 2/5! (l/5!) with this 
exterior-facet triple which are not in any of our configuration classes, then we form an 
exterior-facet class containing all such simplices. 
One easily sees that (0, 0, 0), (1, 0, 0), (1, 1, 0), and (2,2,0) are the only exterior-facet 
triples for .volume-2/5! simplices. Our classes WZA, WZB, WZC, and WZD have 
exterior-facet triple (O,O,O); W2A, W2B, W2C, W2D, W2E, and W2F have (l,O,O); 
W3A has (1, 1,O); and none of our configuration classes of volume-2/5! simplices has 
(2,2,0). We let wl be the class of all volume-2/5! simplices in I 5 with exterior-facet 
triple (O,O, 0) which are not in WIA u WIBu WICu WID. The classes w2, w3, and w4 
are defined similarly for the triples (l,O,O), (1, l,O), and (2,2,0). 
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We need a list of the exterior-facet triples for simplices of volume l/5! and we 
turn to this goal. We consider the cases of 0, 1,2,3,4, and 5 exterior facets in this 
order. 
We have already given examples of simplices of volume l/5! in 1’ with exterior-facet 
triples (0, 0,O) and (1, 0,O). 
Consider a simplex s of volume l/5! in I ’ and exterior-facet triple (1, 1, a). Without 
loss of generality we assume s is represented by 
1 1 u13 u14 u15 
o 1 v23 v24 v25 
0 0 u33 u34 u35 
0 0 v43 v44 v45 
0 0 053 054 055 
-O o v63 v64 v65- 
(4.1) 
Then 
represents a simplex of volume l/3! in I 3 which necessarily has 1,2, or 3 exterior facets. 
Thus (1, 1,0) is not a possible exterior-facet triple for s but (l,l, l), (1,1,2), and (l,l, 3) 
are possible. 
Consider a simplex s with volume l/5! and exterior-facet triple (1,2, a). Without loss 
of generality we assume s is represented by 
v= 
‘1 1 1 u14 015 
o 1 o v24 v25 
0 0 1 v34 u35 
000 0 0 
000 10 
,000 0 1 
where at least one of ~24 and v34 is 1 and at least one of 1125 and u35 is 1. We obtain the 
exterior-facet triples (1,2,2), (1,2,3), and (1,2,4) for s depending on how we finish 
specifying the Vij’s. 
Continuing similarly, the only additional triples starting with 1 are (1,3,7) and 
(1,4,12). 
By Lemma 1.2, there are no exterior-facet triples (2,l,a) for any a. 
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Slight modifications of our analysis of the matrix (4.1) show the only exterior-facet 
triples of the form (2,2, a) are (2,2,2), (2,2,4), and (2,2,6). 
We continue in this manner and obtain the additional exterior-facet triples (2,3,3), 
(2,3,4), (2>3,5), (2,3,6), (2,3,7), (2,4,6), (2,4,7), (2,4,8), (2,4,9), (2,4, IO), (2,5,1 I), 
(2,5,15), (3,6,6), (3,6,8), (3,6, IO), (3,7,13), (3,7,14), (3,7,15), (3,8,18), (3,8,20), 
(4,12,28), (4,13,33), and (5,20,60) for simplices of volume l/5! in Z5. 
We have already defined the configuration classes VOA, VOB, V0C, VOD, VOE, 
VOF, VOG, VIA, VIB, WC, VdA, VdB, V25A, V26A, V28A, and VMA. One easily 
shows that the classes V25A, V26A, V28A, VHA exhaust the sets of simplices with 
exterior-facet triples (3,6,6), (3,6,8), (3,7,13), and (4,13,33), respectively. Let 
vO,vl, . ..) ~24, ~27, ~29,030, .. . , ~33, v35 be the classes of all volume-l/5! simplices in I 5, 
not in any of the configuration classes just mentioned, with corresponding exterior- 
facet triples as follows: 
vo - (0, 0,O) 
vl -(l,O,O) 
v2-(l,l, 1) 
v3 -(l, 1,2) 
v4-(l, l, 3) 
v5-(1,2,2) 
v6-(1,2,3) 
v7-(1,2,4) 
v8-(1,3,7) 
v9-(1,4,12) 
VlO-(2,2,2) 
ull-(2,2,4) 
v12-(2,2,6) 
v13-(2,3,3) 
v14-(2,3,4) 
v15-(2,3,5) 
u16-(2,3,6) v24 - (2,5,15) 
v17-(2,3,7) v27 -(3,6,10) 
v18-(2,4,6) u29-(3,7,14) 
u19-(2,4,7) u30-(3,7,15) 
~20 - (2,4,8) u31-(3,8,18) 
u21-(2,4,9) v32 - (3,8,20) 
v22 -(2,4,10) v33 -(4,12,28) 
v23 - (2,5,11) u35-(5,20,60). 
Thus, ~0, VOA, VOB, VOC, VOD, VOE, VOF, and VOG all have the exterior-facet triple 
(O,O, 0); ul, VIA, VZB, and VZC have (l,O, 0); ~4, VdA, and V4B have (1, 1,3); V25A has 
(3,3,6); V26A has (3,6,8); and V28A has (3,7,13). 
We now have all the configuration classes and exterior-facet classes we need 
and can turn to the adjacency lists and then finally to our linear programming 
approach. 
5. Adjacency lists for the 5-cube 
This section is a catalogue of information about various configuration classes which 
will be helpful in forming constraints for our linear programming problems. For each 
configuration class covered, for any simplex in the class and for some of its facets we 
list the classes of the simplices which are adjacent across the given facets. Except as 
noted, no simplex from these classes is adjacent to the given simplex across any other 
facets of the given simplex. We omit the tedious calculations. 
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Config. 
classes 
YZ 
YN 
YRI 
YR2 
xc2 
XE 
XEFI 
XEF2 
XEF3 
XFl 
XF2 
XF3 
XF4 
XNI 
XN2 
Number of facets 
described 
2 
4 
2 
3 
3 
1 
1 
2 
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Classes of the adjacent simplices across facet 
~0, wl, XN2 (Simplices from v0 and wl are adjacent 
across other facets.) 
VOB, VIA, VIB, V4A, W2E, W2F, XEFl 
W2A, W2B, W2C 
VZC, V4B, W2D, XEF2 
W2A, W2B, W2C 
~0, wl, XN2 (Simplices from 00 and wl are adjacent 
across the other facet.) 
VOC, VOG, v 1, v4, WID, w2, XEF3 
XF3, XN2, YN (Only classes of simplices of volume at 
least 3/5! are listed.) 
VOB, v2, wl, WID, w3, XF4, XNI, YRI, ZZ (Simplices 
from v2 are adjacent across other facets.) 
V25A, V34A 
XE (Only classes of simplices of volume at least 3/5! 
are listed.) 
XFI, XF2, XF3, XF4 
VIA, v2, v6, w2, W3A 
V25A, V34A 
XFI, XF2, XF3, XF4 
V26A, V28A 
XFI, XF2, XF3, XF4 
VOB, VIA, VIB, V4A, W2E, W2F, XEFl 
XFI, XF2, XF3, XF4 
VIC, WB, W2D, XEF2 
VIC, v2,vlO, ~14, W2C, w4 (Simplices from v2 are ad- 
jacent across other facets.) 
VIC, V4B, W2D, XEF2 
V26A, V28A 
VOA, VOD, VOE, VOF, WIA, WIB, WIG, XC2, 
XF3, YZ 
VOB, VIA, VIB, V4A, W2E, W2F, XEFI 
From here on only classes of adjacent simplices of volume at least 3/5! are listed. 
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WID, VOC, VOG 1 
W2A, W2B, W2C 1 
W2D, V4B 1 
W2E, W2F, VOB, VlB, V4A 1 
W3A 1 
VOA 1 
VIA 1 
VZC 1 
V25A 2 
V34A 1 
V26A, V28A 1 
XE 
YI, YR2, YN 
XF4, XNI, YRI, ZI 
XF3, XN2, YN 
XFl , XF2 
XN2 
XFl, XF2 
XF3, XN2, YN 
XF4, XNI, YRl, ZI 
XEF2, XNl 
XEF2, XFl 
XEF2, XFl 
XF2, XNl 
Finally, we have enough background information to begin addressing the main 
problem of the paper for I 5. 
6. Linear programming and the main result for the 5-cube 
Our main result for the five-dimensional, cube that any triangulation of Z5 contains 
at least 67 simplices, follows from the linear programming considerations to which we 
now turn. 
We divide the set of triangulations of Z5 into two subsets and introduce two 
corresponding minimization problems. The key feature of this correspondence is that 
any triangulation determines a feasible solution whose objective value is the cardinal- 
ity of the triangulation. Thus the optima1 objective value of the linear programming 
problem provides a lower bound for the cardinalities of triangulations in the subset. 
For each of the linear programming problems, the constraints will not be strong 
enough to imply that a feasible solution corresponds to a triangulation. 
For each of our classes, whether a configuration class which we have written with 
bold italics or an exterior-facet class for which we have used lower case letters, we 
introduce a decision variable which we denote with the same string of letters and 
numbers in upper case. For a triangulation T and a variable corresponding to 
a configuration class or exterior-facet class C, we assign to the variable the cardinality 
of Tn C (e.g. XEFI = 1 TnXEFlI and Wl= l Tnwl I). The objective function is the 
sum of the variables. It is in this way that a triangulation determines a feasible 
solution whose objective value is the cardinality of the triangulation. 
Several of our constraints are based on volume considerations for I 5 and its d-faces 
for 2 <d < 5. Let T be a triangulation of I 5 and let T1 be the set of exterior facets of the 
simplices in T. Then T 1 can be partitioned into 10 collections of 4-simplices with each 
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collection a triangulation of one of the facets of I 5. We consider the facets of I 5 as 
disjoint and thus consider two simplices in T1 as disjoint if they are not contained in 
the same facet of I ‘. Then letting T* be the set of exterior facets (dimension 3) of 
simplices in T I, T2 can b e partitioned into triangulations of the (lo)@) facets of the 10 
facets of I ‘. T 3 is defined similarly, We are thus led to constraints which reflect the fact 
that for each of the collections T, T’, T2, and T3, the sum of the volumes of the 
simplices in the collection must equal the sum of the volumes of the cubes triangulated 
by the collection. So far we have the following objective function and four basic 
equations. 
Minimize VO+VOA+VOB+~~~+VOG+V1+V1A+V1B+V1C+V2+V3 
+ V-4+ V4A+ f’4B+ V5+ f’6+...+ f’24+ V25A+ J’26A+ V27+ V28A 
+ V29+ f’30+...+ V33+ V34A+ V35+ Wl+ WlA+ WlB+ WlC 
+ WlD+ W2+ W2A+ W2B+...+ W2F+ W3+ W3A+ W4+XCl 
+XC2+XE+XEFl +XEF2+...+XEFS+XFl +XF2+XF3 
+XF4+XNl +XN2+ YZ+ YZS+ YRl+ YR2+ YN+ZZ (6.1) 
subject to 
f’O+f’OA+VOB+~~~+V’OG+V1+f’lA+VlB+VlC+V2+V3+V4 
+ V4A+ f’4B+ V5+ f’6+...+ V24+ f’25A+ V26A+ V27+ V28A 
+ V29+ f’30+...+ f’33+ V34A+ V35+2W1+2WlA+2WlB+2WlC 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
+ 3XCl+ 3XC2 + 3XE + 3XEFl+ 3XEF2 + ... + 3XEF5 + 3XFl 
+3XF2+3XF3+3XF4+3XN1+3XN2+4YZ+4YZS+4YRl 
+4YR2+4YN+ZI= 120, (6.2) 
Vl+ VlA+ VlB+ VlC+ V2+ V3+ V4+ V4A+ V4B+ V5+ V6+ V7 
+ V8+ f’9+2V10+2f’11+2f’12+2f’13+~~~+2f’24+3V25A+3V26A 
+3V27+3V28A+3V29+3V30+3V31+3V32+41/33+4V34A 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
+3XEF1+...+3XEF5=240, (6.3) 
V2+ V3+ V4+ V4A+ V4B+21/5+2V6+2V7+3V8+4V9+2VlO 
+2V11+2Vl2+3V13+3V14+3V15+3V16+3V17+4V18+4V19 
+4V20+4V21+4V22+5V23+5V24+6V25A+61/26A+6V27 
+7V28A+7V29+7V30+8V31+8V32+12V33+13V34A+20V35 
+2W3+2W3A+4W4=480, (6.4) 
V2+2V3+3V4+31/4A+3V4B+2V5+3V6+4V7+7V8+12V9+2VlO 
+4V11+61/12+3V13+4V14+5V15+6V16+7V17+6V18+7V19 
+8V20+9V21+10V22+11V23+15V24+6V25+6V25A+81/26 
+8V26A+10V27+13V28+13V28A+14V29+15V30+18V31 
+20V32+28V33+33V34A+60V35=960. (6.5) 
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Any triangulation of Z5 provides a feasible solution (6.1)-(6.5) with all variables 
assuming nonnegative integer values, but the converse does not hold. With the help of 
a computer, one can show, for example, that V35 = 16, W4 = 40, YI = 1, ZI = 4, and all 
other variables equal 0, is an optimal solution to (6.1))(6.5) with all variables restricted 
to the nonnegative integers which yields the optimal objective value of 61. Thus 61 is 
a lower bound for the cardinality of any triangulation of 15. But this particular 
optimal solution does not correspond to a triangulation since any simplex in YZu 21 
has c in its interior and hence for solutions corresponding to triangulations we have 
YI +ZI < 1. To reduce, but unfortunately not eliminate these irrelevant feasible 
solutions and thereby increase our lower bound, we impose additional constraints 
which must be satisfied by solutions corresponding to triangulations. 
We now turn to the more detailed development of the two linear programming 
problems. 
Case 1: We consider the collection FI of all triangulations T of I5 such that 
T contains no simplices from any of the following configuration classes: 
VOC, VOD, VOE, VOF, VOG, WIA, WIB, WIG, WID, XE, XEF3, XEF4, 
XFI, XF2, XF3, XF4, YRI, and YR2. (6.6) 
Any simplex from any of these classes has a proper face containing c in its relative 
interior. 
Our first linear programming problem consists of (6.1)-(6.5) with the variables 
corresponding to the classes (6.6) deleted, nonnegativity conditions on all the vari- 
ables, and the additional constraints (6.7)-(6.12) below. 
Since each XCI, XC2, YZ, YIS, or ZZ simplex contains c in its interior, at most one 
can be present in any triangulation of I 5. This justifies adjoining the constraint 
xc1 +xc2+ YI+ YIS+zId 1, (6.7) 
and we choose to do so. 
In any triangulation T of I 5, each YN simplex in T is adjacent to two simplices of 
Tin W2A u W2Bu W2C while each simplex of Tin this union is adjacent to at most 
one YN simplex in T. We impose the constraint 
W2A+ W2B+ W2C-2YN>O. (6.8) 
Similarly we include the constraint 
VOB+ VlA+ VlB+ V4A+ W2E+ W2F+2XEF1-2XN2-2YN30. (6.9) 
Let T be a triangulation of I 5. Each XNI simplex in T is adjacent to exactly one 
simplex of Tin VlCu V4Bu W2DuXEF2 such that the common facet is shared by 
simplices from VIC, V4B, W2D, and, XEF2 on one side and simplices from 
XF4, XiVI, YRZ, ZZ, and others of smaller volume on the other side. (Of course, only 
one simplex on each side is in T.) Conversely each simplex of T in 
VICu V4Bu W2DuXEF2 is adjacent to at most one simplex of Tin XNl such that 
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the common facet satisfies this description. We impose the constraint 
VlC+ V4B+ W2D+XEF2-XNl>O. 
With justification similar to that for (6.8), we impose the constraint 
(6.10) 
V26A+ V28A-XNl>O. (6.11) 
Now for Tin Fr, each XN2 simplex in T must be adjacent to exactly one simplex of 
T in VOA uXC2u YI. On the other hand for any triangulation T of IS, 
(a) each VOA simplex in T is adjacent to at most one XN2 simplex in T, 
(b) each XC2 simplex in T is adjacent to at most five XN2 simplices in T, and 
(c) each YI simplex in T is adjacent to at most two XN2 simplices in T. 
Thus we adjoint the final constraint 
f’OA+5XC2+2YZ-XN220. (6.12) 
We claim that the optimal objective value of this problem exceeds 66. To make it as 
easy as possible for a diligent reader to confirm this claim, we present a feasible 
solution to the dual problem giving a dual objective larger than 66. Namely 
yr =0.490715 ))5 =- 1.453704 ys =0.305556 
y, =-0.259259 y, = 0.328704 y,=O.166667 
y, = 0.263889 y,=O.152778 y,,=O.166667 
y, =- 0.05787 
which yields, with exact arithmetic, a dual objective of 66.321456. (We obtained these 
numbers by taking the optimal dual variables output by a computer program and 
adjusting them slightly to achieve feasibility with exact arithmetic.) By the duality 
theorem of linear programming, the optimal objective of our problem is at least this 
large. (Alternatively, of course, one could use a computer with an appropriate software 
package to solve the linear programming problem. However, there would then 
typically be some accompanying uncertainty in the answer due to the round-off error.) 
Thus for T in FI, we have 1 T I> 67. 
Case 2: Consider the collection Fz of all triangulations T of I 5 such that T contains 
at least one simplex from the list (6.6) and thus none from XCZ, XC2, YZ, YZS, and ZZ. 
Our linear programming problem for this case consists of (6.1)-(6.5) with 
XCI, XC2, YZ, YZS, and ZZ deleted; nonnegativity conditions on all the variables; and 
the additional constraints developed below. 
Extending slightly the reasoning behind (6.8)-(6.1 l), we include the constraints: 
W2A+ W2B+ W2C-2YN-4YR2>0, 
VOB+ VlA+ VlB+ V4A+ W2E+ W2F+2XEFl-XF3-2XN2-2YN30, 
VlC+ V4B+ W2D+XEF2-XF4-XN1-2YRl>O, 
V26A+ V28A-XF2-XNl>O. 
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With similar justification we adjoin 
I’OC+ I’OG+5I’1+5I’4+ WlD+5W2+3XEF3-4XE~O. 
From the adjacency lists for XFZ, XF2, XF3, and XF4 and the location of c relative to 
simplices from these classes, we have 
XFI + XF2 + XF3 i XF4 < 2. 
One easily sees we can include 
I’lA+5V2+5V6+5W2+ W3A-3XF130, 
and 
2V25A+ V34A-XEF2-XFl>O. 
Again one can check that, with exact arithmetic, 
y, = 0.43394 y,=O.198113 ys =0.075472, 
y,=-0.213836 y,=O.169811 y,,=-0.164151, 
y3 = 0.246855 y, = 0.367924 y, 1 = 0.036478, 
y,=-0.055031 ys =0.137736 y, z = 0.028302, 
provides a feasible solution to the dual problem with objective value 66.084498 and 
thus for T in Fz, the cardinality of T is at least 67. 
We have proved the following 
Theorem 6.1. Any triangulation of I5 contains at least 67 simplices. 
Since triangulations with 67 simplices have been given [1,2,3,9,11,13], this of 
course means that any minimum-cardinality triangulation of 1’ contains 67 simplices. 
(The reader is especially directed to [l, 21 where a list of minimum-cardinality 
triangulations of Z5 is given.) 
7. Configuration classes for the 6-cube 
In this section we begin our study of corner-slicing triangulations of 16. For 
perspective we point out that for d~{2,3,4} every minimum-cardinality triangulation 
of Id is corner-slicing and there is a minimum-cardinality triangulation of I 5 which is 
corner-slicing [9,11]. Our treatment of corner-slicing triangulations of I6 in 
Sections 7-10 parallels the presentation in Sections 3-6. In this section we give 
definitions of the configuration classes we use and show there are no others for 
simplices in Q6 of volume 4/6! or more. In each case we give a matrix representing 
a simplex in the class, the barycentric coordinates of c relative to the simplex, and the 
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volume of the simplices of the class. 
-000011 
000110 
000101 
011000 
110000 
101000 
-1 1 1 1 1 1, 
111100’ -l/6 000000 0 
000110 l/6 001100 116 
000101 l/6 010010 116 
011000 l/6 100010 116 
110000 l/6 001111 116 
101000 l/6 111001 116 
111111, l/3 110101 116 
21 vol 8/6! YN vol 6/6! YF vol 6/6! 
-000000’ 
001100 
111100 
100001 
010001 
001010 
-0 0 0 1 1 0. 
-l/4 
0 
l/4 
l/4 
l/4 
l/4 
l/4 
000000’ 
010010 
111100 
100001 
010001 
001010 
000110, 
-l/4 
0 
l/4 
l/4 
l/4 
l/4 
l/4 
000000 
001111 
111100 
100001 
010001 
001010 
000110 
XNZA vol 4/6! XNlB vol 4/6! XNZC vol 4/6! 
-0 0 0 0 0 o- -l/4 
011101 0 
111100 l/4 
100001 l/4 
010001 l/4 
001010 l/4 
,o 0 0 1 1 0, l/4 
‘110011 
111100 
010001 
010010 
100100 
101000 
.l 1 1 111 
XNlD vol 4/6! XN2A vol 4/6! XN2B vol 4/6! 
-000000 
000011 
000110 
000101 
011000 
110000 
_101000 
- 112 
114 
114 
114 
114 
114 
114 
000011 
000101 
001001 
010001 
100001 
000000 
111111 
-l/4 -01 1101 
-l/4 011110 
l/4 000011 
l/4 001100 
l/4 010100 
l/4 011000 
l/2 ,111lll 
0 
0 
0 
0 
0 
112 
112 
-0000 11 
000101 
001001 
010001 
011110 
000000 
.l 1 1 1 11 
- l/4 
0 
l/4 
l/4 
l/4 
l/4 
l/4 
- l/4 
- l/4 
l/4 
l/4 
l/4 
l/4 
l/2 
0 
0 
0 
0 
0 
112 
112 
XN3 vol 4/6! XEO vol 4/6! XEl vol 4/6! 
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-000011- 0 
000101 0 
001001 0 
101110 0 
011110 0 
000000 l/2 
.l 1 1 1 1 1,1/2 
XE2 vol 4/6! X3FA vol 4/6! X3FB vol 4/6! 
‘0 0 0 0 0 0’ 
011110 
001001 
001100 
000011 
111010 
_110101 
0 
0 
0 
l/4 
l/4 
114 
l/4 
000000’ 
011000 
111001 
001100 
000011 
111010 
110101. 
0 
0 
0 
l/4 
l/4 
114 
l/4 
000000 
010100 
111001 
001100 
000011 
111010 
110101 
X3FC vol 4/6! X3FD vol 4/6! X3FE vol 4/6! 
-000000 
011110 
111001 
001100 
000011 
111010 
_110101 
0 
0 
0 
l/4 
l/4 
l/4 
l/4 
000000’ 
010100 
011000 
001100 
000011 
111010 
110101. 
0 
0 
0 
l/4 
l/4 
l/4 
l/4 
‘000000 
010010 
011000 
001100 
000011 
111010 
,110101 
X3FF vol 4/6! X3FG vol 4/6! X3FH vol 4/6! 
-000000 
100111 
010100 
001100 
000011 
111010 
_110101 
0 
0 
0 
l/4 
l/4 
l/4 
l/4 
‘000000 
101110 
010100 
001100 
000011 
111010 
.110101 
0 
0 
0 
l/4 
l/4 
l/4 
114 
-000000 
111010 
101101 
010001 
110000 
001100 
.000011 
X3FZ vol 4/6! X3FJ vol 4/6! WA vol 2/6! 
‘000000 
011000 
001001 
001100 
000011 
111010 
.110101 
0 
0 
0 
l/4 
l/4 
l/4 
l/4 
000000 
010100 
001001 
001100 
000011 
111010 
110101 
0 
0 
0 
l/4 
l/4 
l/4 
114 
0 
0 
0 
l/4 
l/4 
l/4 
l/4 
0 
0 
0 
l/4 
l/4 
l/4 
l/4 
-l/2 
0 
0 
0 
l/2 
l/2 
112 
100 
-000000 -l/2 
101101 0 
011011 0 
010111 0 
110000 l/2 
001100 l/2 
_000011 l/2 
WOB vol 2/6! WOC vol 2/6! 
000000 
111010 
100111 
100001 
110000 
001100 
000011 
-0 0 0 0 0 0 -l/2 ‘0 1 0 1 0 0 
100111 0 001010 
101011 0 111111 
110110 0 011011 
110000 112 110000 
001100 l/2 001100 
_000011 l/2 .000110 
WOE vol 2/6! WOF vol 2/6! 
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-000011 0 -111100 0 ‘111100 
000101 0 000101 0 111010 
001001 0 001001 0 000110 
010001 0 010001 0 010001 
110000 0 100010 0 100001 
000000 112 000000 l/2 000000 
-1 1 1 1 1 1 112 -11 1111 l/2 .l 1 1111 
WOEB vol 2/6! WOEC vol 2/6! WOED vol 2/6! 
- l/2 
0 
0 
0 
l/2 
l/2 
l/2 
- l/2 
- l/2 
0 
l/2 
l/2 
l/2 
l/2 
‘000000 
111010 
110110 
100001 
110000 
001100 
.000011 
WOD vol 2/6! 
-000110 
000101 
011000 
110000 
101000 
000000 
,111lll 
WOEA vol 2/6! 
-l/2 
0 
0 
0 
l/2 
l/2 
l/2 
- 0 
0 
0 
0 
0 
112 
- 112 
0 
0 
0 
0 . 
0 
112 
112 
All the above classes, except XN2B,XEO, and XEZ, have exterior-facet 4-tuple 
(O,O,O, 0). The three exceptions have (l,O, 0,O). For the rest of our definitions, we 
append the exterior-facet 4-tuples. 
-000000 
111010 
110110 
101000 
110000 
001100 
_000011 
- l/2 
0 
0 
0 
l/2 
l/2 
l/2 
000000 
111010 
110110 
100010 
110000 
001100 
000011 
-l/2 
0 
0 
0 
l/2 
l/2 
l/2 
-000000 
110110 
101110 
100100 
110000 
001100 
.000011 
- l/2 
0 
0 
0 
l/2 
l/2 
l/2 
(1, 0, 0,O) vol 2/6! (1, 0, 0,O) vol 2/6! (1, 0, 0,O) vol 2/6! 
WIA WIB WIG 
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000000’-l/2 ‘000000’-l/2 ‘000000’-l/2 
011110 0 101110 0 111010 0 
101110 0 001010 0 000110 0 
111010 0 010010 0 101000 0 
110000 l/2 110000 112 110000 112 
001100 l/2 001100 l/2 001100 l/2 
0000 11, l/2 ,oooo 11, l/2 ,00001 1, l/2 
(LO, 0,O) vol 2/6! (LO, 0,O) vol 2/6! (1, 0, 0,O) vol 2/6! 
WID WlE 
-1 0 1 1 1 0 -l/2 - l/2 
010100 -l/2 - l/2 
011000 0 0 
001100 l/2 l/2 
000110 l/2 l/2 
110000 l/2 l/2 
-1 1 1 1 1 1 l/2 l/2 
(1, 0, 0,O) vol 2/6! (1, 0, 0,O) vol 2/6! (1, 0, 0,O) vol 2/6! 
WIG WIH WII 
101110 
011000 
110110 
001010 
001100 
110000 
111111 
0 1 1 1 1 o- -l/2 
101110 -l/2 
110000 0 
000110 l/2 
001010 l/2 
111100 l/2 
1 1 1 1 1 1, l/2 
-1 0 1 1 10 -l/2 ‘11001 l’-l/2 -000011 
010100 -l/2 101110 -l/2 000101 
001010 0 011110 -l/2 001001 
000110 l/2 000110 l/2 010001 
001100 112 001010 l/2 111001 
110000 112 110000 l/2 000000 
-1 1 1 1 1 1 l/2 .l 11111, 1 ,111lll 
(1, 0, 0,O) vol 2/6! (1, 0, 0,O) vol 2/6! (l,O,O,O) vol 2/6! 
WIJ WIK WIEA 
- 0 
0 
0 
0 
0 
112 
- 
-000000 
011110 
101000 
100100 
110000 
001100 
.000011 
- l/2 
0 
0 
0 
l/2 
l/2 
l/2 
WIF 
0 0 0 0 0 o- -l/2 -0 0 0 0 0 0 
101000 0 101110 
OlOOiO 0 011000 
100100 0 101000 
110000 l/2 110000 
001100 l/2 001100 
000011, l/2 _000011 
- -l/2 
0 
0 
0 
l/2 
l/2 
4 l/2 
(l,l, 1,0) vol 2/6! (l,l, 1,0) vol 2/6! (l,l, 1,0) vol 2/6! 
W2A W2B w2c 
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‘000011 
000101 
001001 
010001 
000110 
000000 
.l 1 1 111 
- 0 
0 
0 
0 
0 
112 
- 112 
(1,2,2,0) vol 2/6! (2,2,2,0) vol 2/6! (2,2,2,0) vol 2/6! 
W3EA W4A W4B 
‘000000 
001010 
100010 
010010 
110000 
001100 
,000011 
- l/2 
0 
0 
0 
l/2 
l/2 
l/2 
-011101 
000101 
001001 
010001 
100001 
000000 
,111lll 
0 
0 
0 
0 
0 
112 
112 
000000 
110000 
101000 
100100 
100010 
100001 
011000 
-000000 
111100 
110000 
101000 
011000 
000110 
,000101 
-1 
-l/2 
l/2 
l/2 
l/2 
l/2 
l/2 
-110000 
111100 
000000 
101000 
011000 
110110 
,110101 
- l/2 
-l/2 
0 
l/2 
l/2 
l/2 
l/2 
(2,3,3,0) vol 2/6! (2,3,3,0) vol 2/6! (3,6,6,0) vol 2/6! 
W5A WSEA W6A 
-l/2 
-l/2 
-l/2 
l/2 
l/2 
l/2 
-000000 -l/2 -100000 -2 
110000 -l/2 000000 112 
101000 0 110000 112 
100100 l/2 101000 l/2. 
100010 l/2 100100 112 
010001 l/2 100010 112 
.011000 l/2 .100001 l/2 
(3,6,6,0) vol 2/6! (6,30,120,360) vol l/6! 
W6B V (corner) 
In the remainder of this section we show that any simplex in Q6 with volume 4/6! or 
more is in one of the configuration classes we have defined. 
Following the technique of Section 3, we start by using various 7-tuples (cI~, .. . , cq) 
to generate all configuration classes which contain simplices in Q6 of volume 8/6!. (Of 
course, each such class also contains simplices represented by matrices with all odd 
row sums.) From Theorems 2.5 and 2.6 and (1.2) we see we need only consider 
7-tuples ((x1, .. . , CQ) with ~1~ d ... <ET, each cCi~{O, l/8, l/4,3/8,1/2}, and I,‘= r ai= 1. 
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Using arguments from Section 3 we see that 7-tuples of the forms (c~i, .. . . a6, l/2) 
and (Pi, . . . . b6, 3/8) yield no configuration classes of simplices of volume 8/6!. 
Suppose c has the barycentric coordinates (O,O, 0,1/4, . . . , l/4) relative to a simplex 
s in Q6. Then no matter what the volume of s is, one can show s is in the same 
configuration class as a simplex represented by a matrix V=(Uij) of the form 
0 0 0 0 0 0’ 
021 v22 v23 v24 v25 v26 
031 v32 033 034 035 v36 
001100 
0 0 0 0 1 1 
1 1 1 0 1 0 
1 10 10 1, 
(7.1) 
with even row sums. But then det [ V, et] = 2(AB + CD) where 
A=v22-~21, B=v~~-v 34-v35+v36, c=v32-u31, and 
D=--23+v24+u25-v26. (7.2) 
Because of the evenness of the row sums, this determinant cannot have absolute value 
8 and no simplex with the assumed properties exists. 
Easy arguments show that neither (O,O, l/8, l/8,1/4, l/4, l/4) nor (0,1/g, . . . . l/8, 
l/4,1/4) is the family of barycentric coordinates for c with respect to any simplex 
in Q6. 
In a straightforward manner one can show that any simplex in Q6, with respect to 
which c has the barycentric coordinates (l/8, . . . , l/8, l/4), is in ZZ. We conclude that 
every simplex of volume 8/6! in Q6 is in ZZ. 
We now determine the configuration classes of the simplices in Q6 of volume 6/6! or 
4/6! which are adjacent to simplices in ZZ. The result is 
XNIC, XN3, and YN. (7.3) 
Then, turning to simplices of volume 6/6! in Q6, from Theorem 2.6 we see that any 
such simplex with respect to which c has at least one negative barycentric coordinate 
is in YN. We need only consider 7-tuples (al, . . . , q) with CI~ d ... ba7, each 
aig{O, l/6,1/3,1/2}, and C:=, CQ=l. 
By arguments of Section 3, we see there are no simplices in Q6 of volume 6/6! with 
respect to which c has barycentric coordinates of the forms (a,, . . . . a6, l/2) or 
(B 1,. . . ,fi6, l/3) with /I6 3 l/3. An easy argument rules out (O,O, l/6,. . . , l/6, l/3). 
Suppose V=(vij) is a matrix with last row e representing a simplex of volume 6/6! in 
Qs with respect to which c has the barycentric coordinates (0,1/6, . . . . l/6). Since the 
volume of the simplex exceeds S/6!, V cannot have two columns which differ only in 
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the first row. Then without loss of generality we assume V has the form 
v1 v2 v3 v4 v5 v6 
000101 
001001 
010010 
1 0 0 0 1 0 
111100 
1 1 1 1 1 1. 
where of course the first row has an even sum. Then 
The 12 ways of assigning values to vi, . . . , v6 so that their sum is even and the last 
expression gives 6 all yield simplices in YF. 
Thus every simplex in Q6 with volume 6/6! is in YF or YN. By analyzing both a YF 
simplex and a Y/V simplex we see that any simplex in Q6 with volume 4/6! which is 
adjacent to a simplex in either YF or YN is itself in 
XJFC, XNIA, XNIB, XNIC, XNID, XNZA, or XN2B. (7.4) 
Turning to the volume-4/6! simplices in Q6, we have from Theorem 2.6 that every 
such simplex, with respect to which c has at least one negative barycentric coordinate, 
is in one of the classes of (7.3) and (7.4). The only additional 7-tuples we need to 
consider are (a) (0, . . . , 0,0.5,0.5),(b) (O,O,O,O, l/4, l/4, l/2), and(c) (O,O,O, l/4, . . . . l/4). 
It is easily seen that (b) yields no configuration classes. 
Suppose V with rows vr , . . . , v6, e is a matrix representing a simplex of volume 4/6! in 
Q6 with respect to which c has barycentric coordinates (0, . . . ,O, 0.5,0.5). Then 06 = 0 and 
Thus the 5 x 6 matrix with rows vr, . . . . v5 and even column sums the transpose of 
a matrix representing a 5-simplex of 5-volume 4/5! in I ‘, namely a YIS simplex. 
Conversely if M represents a YIS simplex in I 5, then [M 0 e’lt represents a simplex 
in Q6 of volume 4/6!. 
Suppose M and N are 6 x 5 matrices representing YIS simplices and suppose N can 
be obtained from M by row and column interchanges. Then 
[M 0 et]’ and [N 0 et]* (7.5) 
represent the same configuration class. On the other hand, if N is obtained from M by 
switching O’s and l’s in some columns of M, then perhaps the matrices of (7.5) 
represent different configuration classes. Let M = [I5 e’]’ which represents a simplex 
in the class YE. For i=O, 1, . . . . 5 let Ni be the matrix obtained from M by switching O’s 
and l’s in the first i columns of M and let Li = [Ni 0 e’]‘. One easily shows these six 
matrices represent all configuration classes containing simplices in Q6 of volume 4/6! 
with respect to which c has barycentric coordinates (0, . . . ,O, 0.5,0.5). Then one can 
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check that Lo and L, represent XEO, L1 and L, represent XEl, and L, and 
L3 represent XE2. Thus (0, . . . , O,OS, 0.5) generates only configuration classes we have 
already defined. 
From our earlier consideration of the ‘I-tuple (O,O, 0,1/4,. .., l/4), we see that in 
order to find all corresponding configuration classes which contain simplices in Q6 of 
volume 4/6!, we need consider only simplices represented by matrices (7.1) where 
[ 
v21 v22 v23 v24 v25 v26 
(7.6) 
031 v32 033 v34 035 v36 1 
has even row sums and satisfies AB+ CD=2 with A, B, C, and D given by (7.2). But 
different assignments of values to the Uij, i~{2,3}, which satisfy these conditions do not 
necessarily yield different configuration classes. We capitalize on this fact and avoid 
examining all feasible assignments. 
To accomplish this we consider the following four operations which can be 
performed on the matrices (7.6): 
(a) interchange the two rows, 
(b) interchange the first two columns, 
(c) interchange columns 3 and 4 and also interchange columns 5 and 6, and 
(d) interchange the ordered pair of columns (3,4) with the pair (5,6). 
From (7.2) we see that by applying exactly two of these operations to a matrix (7.6), 
having even row sums and satisfying AB+ CD=2, we obtain another matrix with 
these same properties. If we then insert these two matrices in (7.1), as a consequence of 
the structure of (7.1), we see that the resulting two matrices represent simplices in the 
same configuration class. 
We now examine matrices (7.6), with even row sums satisfying AB + CD = 2, to see if 
we already have the corresponding configuration classes. Note that if B=+2, then 
C = 0; and if D = f 2, then A = 0. We distinguish eight cases: 
(1) A=1 and B=2, (5) A=B=C=D=l, 
(2) A=-1 and B=-2, (6) A=B=C=D=-1, 
(3) C=l and D=2, (7) A=B=-1 and C=D=l, 
(4) C=-1 and D=-2, (8) A=B=l and C=D=-1. 
In case (1) we get 16 solutions which can be reduced to the following eight solutions 
using pairs of interchange operations: 
011000 
(a) 
001001 1 (b) [ 010100 1 001001 (c) [ 011110 1 001001 
011101 011000 010100 
(d) L 001001 1 (e) [ 1 111001 (f) [ 1 111001 
011110 011101 
(g) 111001 1 (h) [ 1 111001~ 
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Again using pairs of interchange operations, we see that cases (2)-(4) yield no 
additional matrices which need to be examined. Case (5) yields 16 solutions which can 
similarly be pared to the 6 solutions: 
010100 010010 011110 
(i) 
011000 011000 1 (k) 1 011000 
(1) 
[ 010111 1000 I 
(m) 
L 011110 0 1 1 (n) [ 010111 10 ’ 1 
Case (6) yields no additional candidates. Case (7) yields the pared list: 
100100 1 
100010 101110 
(0) [ 
010100 (P) [ 010100 1 (9) [ 010100 1 
(r) 
[ 010100 10 11 1 (s) [ 010111 101 0 1 (t) L 010111 10  1 
Case (8) yields no additional candidates. 
But then one can show that these 20 matrices yield only ten configuration classes. 
Explicitly, we have the following correspondence: 
X3FA-(a), (0) 
X3FD-(e), (~1 
X3FG-(i) 
X3FJ-(n), (9). 
X3J’B-(b), (k), (d) 
X3f’W), (h), (1) 
X3FH-( j) 
X3FC-(c), (t) 
X3FWg), (s) 
X3H-(m), (r) 
This completes our goal for simplices in Q6 of volume 4/6!. We have shown that 
every simplex in Q6 of volume 4/6! or more is in one of the configuration classes which 
we have defined. 
8. Exterior-facet classes for the 6-cube 
In this section we partition the simplices of volume 2/6! in Q6, which are not in any 
configuration classes, into classes based on exterior-facet structure. We need a list of 
the exterior-facet 4-tuples of simplices in Qs of volume 2/6!. For such simplices we 
have already obtained the 4-tuples (O,O, O,O), (l,O, O,O), (1, 1, l,O), (1,2,2,0), (2,2,2,0), 
(2,3,3,0), and (3,6,6,0). With the help of the following lemma and Section 4 as a guide, 
one can show there are no others. 
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Lemma 8.1. Let s be a simplex in Q4 of volume 2/4!. Then s is in the conjiguration class 
represented by both 
I 0110 0101 1 1 1  and I 0101011 001  1 1 (8.1) 
and has the exterior-facet tuple (1,O). 
The proof is relatively easy and we omit it. 
The definitions of the exterior-facet classes are now simple. Letting S be the set of all 
simplices of volume 2/6! in Q6 which are not in any of our configuration classes, we let 
(a) wOedg (~0) be the class of all simplices in S with exterior-facet 4-tuple (0, O,O, 0), 
with respect to which c has (does not have) the barycentric coordinates 
(0, . ..) 0,0.5,0.5); 
(b) wledg, wl, w2edg, w2, w3edg, and w3 be similarly defined for the exterior-facet 
4-tuples(1,0,0,0),(1,1,1,0),and(1,2,2,0); 
(c) w4 be the class of simplices in S with exterior-facet 4-tuple (2,2,2,0); and 
(d) w5 and w6 be similarly defined for the exterior-facet tuples (2,3,3,0) and (3,6,6,0). 
We now have all the configuration classes and exterior-facet classes we need. 
9. The adjacency lists for the 6-cube 
This section is a catalogue of information about the classes of the simplices which 
are adjacent to simplices from given classes. It is similar to Section 5 where a more 
precise description is given. 
Config. 
classes 
ZZ 
YN 
YF 
Number of facets 
described 
6 
Classes of the adjacent simplices across facet 
WOB, XNZC, YN 
XN3 
WOEA, WOEC, WOED, X3FC, YF, ZZ 
WIB, WlJ,XN2B 
w0, WOF, XNIA, XN2A 
W4A 
YF 
WOB, XNI C, YN 
w0, WOA, XNI D 
w0, WOF, XNZA, XN2A 
WOC, WOD, WOE, WOF, XNI B 
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XNlA 1 wQedg, WOD, WOED, XNID, X3FE, YN, YF 
XNIA, XNlB, XNIC, XNlD 
W4A, W4B 
2 WlE, WIH, WII 
XNIB 
2 
wOedg, WOA, WOB, XNlC, X3FB, X3FC, X3FZ, YF 
XNIA, XNIB, XNlC, XNlD 
WlB, WlJ,XN2B 
WlC, WlG, W2C 
XNIC 
1 
2 
2 
WOEA, WOEC, WOED, X3FC, YF, ZI 
XNlA,XNlB,XNlC,XNlD 
WlA, WlD, WlJ, W2A 
WOC, WOD, WOE, WOF, XNlB 
XNID 
1 
XNlA, XNlB, XNlC, XNlD 
WlE, WlH, WlI 
WlF, WlH, WlK 
w0, WOF, XNlA, XN2A 
XN2A 2 
4 
wOedg, WOD, WOED, XNlD, X3FE, YN, YF 
WlF, WlH, WlK 
XN3 
XN2B 2 wOedg, WOEB, WOEC, w2edg, W2A, XNlB, X3FA, YN 
W6A 
XN3 6 W4A, W4B 
1 XE2, XN2A, ZZ 
XEO 5 W3EA, WSEA, XEl 
1 V 
XEI 4 
1 
wOedg, w ledg, XE2 
WOEB, Wl EA, XEO 
W4A 
XE2 3 
2 
wOedg, WOED, XE2 
wOedg, WOEC, w 1 edg, XEl 
XN3 (The specific simplex in XN3 is uniquely deter- 
mined by the XE2 simpled.) 
W4A 
(Whenever two simplices from XEOuXEl uXE2 are adjacent, the two vertices of 
their union which are not in their common facet are antipodal.) 
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X3FA 
X3FB 
X3FC 
X3FH 
X3FI 
W4A 
W6A 
V 
WlA, WID, WlJ, W2A 
WlB, WlJ, XN2B 
WlA, WlD, WlJ, W2A 
WOC, WOD, WOE, WOF, XNlB 
WIG, WlG, W2C 
WOB, XNIC, YN 
WOC, WOD, WOE, WOF, XNlB 
WlA, WlD, WlJ, W2A 
W2B 
WlC, WlG, W2C 
WOC, WOD, WOE, WOF, XNlB 
WlU, XEl, XE2, YN 
wOedg, WOEA, W2B, w2edg, XNIA, XN3 
W4B 
WOEB, WlEA, w3edg, W5A, W6B, XN2B 
V 
W6A, XEO 
For the remainder of this section, except as indicated, we list only classes of adjacent 
simplices of volume at least 4/6!. 
WOA, WOB 
WOC, WOE, WOD 
WOF 
WOEA 
WOEB 
WOEC 
WOED 
WIA, WlD, WlJ 
WlC, W2C, WIG 
1 XNlB 
1 XNlC, X3FB, X3FC, X3F1, YF 
1 XNlC, X3FB, X3FC, X3FI, YF 
1 XNID, XJFE, YN, YF 
1 XNlC, YN 
(All instances of adjacency by simplices in W6A are included.) 
1 XEl 
1 XN2B 
1 W6A 
1 XE2 
1 XNIC, YN 
1 XN2B 
1 XE2 
1 XNlC, YN 
1 XNlA, XN2A 
1 XNIC, X3FA, X3FB, X3FC 
1 XNlB, X3FB, X3FH 
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WIE 
WIF 
WIH 
WII 
WlK 
WlEA 
W2A 
W2B 
W3EA 
W4B 
W5A 
WSEA 
W6B 
1 XNI A, XNl D, X3FD 
1 XNID, XN2A, X3FE 
1 XNID, XN2A, X3FE 
1 XNI A, XNI D, X3FD 
2 XNI A, XNI D, X3FD 
(All instances of adjacency by simplices in W4A are included.) 
2 XNID, XN2A, X3FE 
1 W4A (No other classes of any volume) 
(All instances of adjacency by simplices in W6A are included.) 
1 XEZ 
1 W6A 
1 XNlC, X3FA, X3FB, X3FC 
1 XN2B 
1 X3FC 
1 XEO 
1 XNIC 
1 XNIA,XN3 
(All instances of adjacency by simplices in W6A are included.) 
1 W6A 
1 XEO 
(All instances of adjacency by simplices in W6A are included.) 
2 XNIB 
1 W6A 
10. Linear programming and main result for the 6-cube 
In this section we use the notational conventions and techniques of Section 6 to 
prove the following 
Theorem 10.1. Any triangulation ofl” which contains the corners at all the odd vertices 
contains at least 324 simplices. Moreover, any such triangulation with exactly 324 
simplices satisfies 
V=32 XEl=lO XN3=20 W4B=90 W6B=90 
XEO=2 XE2=20 W4A=30 W6A=30 all others=O. 
(10.1) 
In conjunction with these numbers see [3, p. 2171. 
In Section 11 we show that there exists a triangulation of I6 which contains the 
corners at all the odd vertices and which contains exactly 324 simplices. This will 
establish our main result for I6 which we now state. 
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Theorem 10.2. The minimum cardinality for a corner-slicing triangulation of I 6 is 324. 
Every such minimum-cardinality triangulation satisjes (10.1). 
We turn to the proof of Theorem 10.1. With no restrictions beyond the corner- 
slicing assumption, the objective function and the equations relating to the volumes of 
the d-faces for 2 d d < 6 are as follows: 
Minimize V+ IV0 + WOA + WOB + ... + WOF + WOEDG + WOEA + WOEB 
+ WOEC+ WOED+ Wl+ WlA+ WlB+...+ WlK+ WlEDG+ WlEA 
+ W2+ W2A+ W2B+ W2C+ W2EDG+ W3+ W3EDG+ W3EA 
+W4+W4A+W4B+W5+W5A+WSEA+W6+W6A+W6B 
+XNlA+XNlB+XNlC+XNlD+XN2A+XN2B+XN3+XEO 
+XEl+X3FA+X3FA+X3FB+...+X3FJ+ YF+ YAJ+ZZ, (10.2) 
subject to 
V=32 
and obtain a simpler equivalent system. 
(10.8) 
We split the corner-slicing triangulations of Z6 into four cases and will have four 
corresponding linear programming problems. 
Case 1: We consider the collection Y1 of triangulations T such that T contains the 
corners at the 32 odd vertices and also contains a simplex in ZZ. Now c is in the 
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interior of every simplex in ZI and thus for Tin FI we have ZI = 1 and T contains no 
simplices from any of the classes 
wOedg, WOEA, WOEB, WOEC, WOED, wledg, WIEA, w2edg, w3edg, W3EA, 
WSEA, XEO, XEl, XE2, X3FA, X3FB,. . . , X3FJ, and YF. 
Our linear programming problem for case 1 consists of (10.2)-( 10.5) and (10.8) with 
the variables corresponding to the above classes deleted, nonnegativity conditions on 
all the variables, and the following additional constraints: 
WOA+ WOB-XN1B+2XN1C>0, 
W2A+XNlB-2XN2B+2YN30, 
WlE+ W1H+2W1z-2XN1A-XN1D30, 
WlF+ WlH+2WlK-XNlD-4XN2A>O, 
XN2A- XN3 + ZI >O, 
-XNlC- YN+6Zl>O, 
XN2B < 12, 
ZZ=l. 
The first six of these are justified as in Section 6. The seventh can be included since any 
simplex in XN2B has an exterior facet t which lies in some facet F of I 6 and t contains 
the centroid of F in its relative interior. 
One can check that with exact arithmetic the values 
y, =0.285712 y, =0.928566 y, =0.071429 y,,= 1.142857 
y, =0.142857 y, =0.428571 y, = 0.071429 y,, =-0.285714 
y, =-0.035714 y, =0.214286 y,=O.142857 y,,=-8.285715 
for the dual variables, corresponding to the constraints in the order listed, provide 
a feasible solution to the dual problem with dual objective value 326.570229. Hence 
for T in rI we have 1 T I>/ 327. 
Case 2: We consider the collection Fz of triangulations T such that T contains the 
corners at all the odd vertices and also contains at least one simplex in YF. The 
centroid c is in the relative interior of a facet of any YF simplex and thus each Tin 
Fz contains at most two simplices in YF. Also by Theorem 2.1, no Tin Fz contains 
simplices from any of the classes 
wOedg, WOEA, WOEB, WOEC, WOED, wledg, WIEA, w2edg, w3edg, W3EA, 
WSEA, XEO, XEI, XE2, X3FA, X3FB,. . ., X3FJ, and ZI. 
Our linear programming problem for case 2 consists of (10.2)-(10.5) and (10.8) with 
the variables corresponding to the above classes deleted, nonnegativity conditions on 
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all the variables, and the following constraints: 
W2A+XN1B--2xN2I3+2YN~0, 
-XNlC- YN+ YF20, 
WlC+ WlG+ W2C-2XNlB>,O, 
XN2B < 12, 
YF<2. 
The assignments 
V=32 w4= 110 XN2A = 29 
W2A = 20 W6=120 XN2B = 12 
YN=2 all others =0 
YF=2 
and 
Yl= 114 y,=-l/24 Ys = 114 ~7=1/8 
Y,= 116 y,=l Ys=l y,=- l/6 
for the prima1 and dual problems provide feasible solutions 
y,=-33/2 
with common objective 
value 327. Thus, by duality theory, the optima1 objective value for the case-2 problem 
is 327. Hence for T in F2 we have 1 T ( > 327. 
Case 3: We consider the collection F3 of all triangulations T such that T contains 
the corners at the odd vertices and T contains at least one simplex in 
X3FA uX3FBu ... u X3FJ. Then by Theorem 2.1, no Tin FS contains simplices from 
any of the classes 
wOedg, WOEA, WOEB, WOEC, WOED, wledg, WIEA, w2edg, w3edg, W3EA, 
WSEA, XEO, XEI, XE2, YF, and ZZ. 
Our linear programming problem for case 3 consists of (10.2)-(10.5) and (10.8) with 
the appropriate variables deleted, nonnegativity conditions, and the following 
constraints: 
WlC+ WlG+ WK-2XNIB-X3FB-3X3FH~O, 
-XNlC+X3FC- YN>O, 
W2B-X3FC>O, 
WlA+ WlD+ WlJ+ W2A-2XNlC-X3FA-X3FB-X3FC>O, 
WOC+ WOD+ WOE+ WOF+XNlB-2XNlC-X3FB 
-X3FC-2X3FIaO, 
W2A+XNlB-2XN2B+X3FA+2YN>O, 
XN2B < 12. 
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The assignments 
V= 32 
WlC= 12 
W2A=6 
W2B=6 
W4B= 102 
W6=124 
XNlB=6 
XN2B= 12 
XN3 = 14 
X3FC=6 
YN=6 
all others = 0 
and 
Yl= 114 y,=l ~6 = 2/3 Y, = 116 Ylo= l/12 
~2 = 116 ~5 = 116 Y7 = l/4 Y9 = l/4 y,,=--1/2 
y3 = - l/24 
provide feasible solutions to the primal and dual problems with a common objective 
value of 326. Thus for T in 9-3 we have 1 T I> 326. 
Case 4: Consider the collection of triangulations T such that Tcontains the corners 
at the odd vertices and contains no simplices in any of the classes X3FA, . . . , X3FJ, YF, 
and ZI. 
Our linear programming problem for case 4, (P4), consists of (10.2)-(10.5) and (10.8) 
with the appropriate variables deleted, nonnegativity conditions, and the following 
constraints: 
WlE+ WlH+2WlZ-2XNlA-XNlD>O, 
WlC+ WlG+ W2C-2XNlBa0, 
WOEA+ WOEC+ WOED-XNlC- YN30, 
WlF+ WlH+2WlK-XNlD-4XN2A>O, 
7 WOEDG + WOEB + WOEC + W2A + 6 W2EDG + XNl B 
-2XN2B+2YN30, 
7WO+ WOF+XNlA-XNlD+2XN2A-3YN30, 
W3EA+ WSEA-5XEO+XEl>O, (10.9) 
WOEB+ WlEA+5XEO-XE130, (10.10) 
WOEB+ WlEA+6W3EDG+ W5A-3W6A+ W6B+XN2B30, 
W4A+ W4B-XNlA-6XN330, 
-V+ W6A+XEO=O, (10.11) 
- XN2A + XN3 - XE2 = 0, (10.12) 
WlK- W4A+XEl +XE2+ YN=O, (10.13) 
XN2B+XEO+XE1<12. 
We deviate from our usual format because we have the more ambitious goal of 
establishing a unique optimal solution to our case-4 problem with all variables 
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restricted to the nonnegative integers, (P41). One easily checks that the assignment 
(10.1) gives a feasible solution of P4 and P41 with an objective value of 324. We show 
this is the unique optimal solution to P41. For this goal we consider the augmented 
case-4 problem, (P4A), obtained from P4 by adjoining the constraint 
V+ W4A+ W4B+ W6A+ W6B+XN3+XEO+XEl +XE2<323. 
The assignment 
y, = 0.269735 y, =0.046053 y,, =0.013158 yr, =0.059211 
y,=o.153509 y, =0.447368 y,,=O y,,=O 
y,=-0.038377 y, =0.037829 y,, =0.019737 y, 8 = -0.686404 
y, = 1.059206 y,=O.O13158 y,,=o.o19737 y,, =-0.019737. 
y, = 0.0625 y,, =0.065789 yls = 0.078948 
is, with exact arithmetic, a feasible solution to the dual of P4A with dual objective 
value 324.019093. Thus the optimal objective value of P4A exceeds 324. This implies 
that (10.1) is an optimal solution of P4I and any optimal solution of P4T must satisfy 
V+ W4A+ W4B+ W6A+ W6B+XN3+XEO+XEl +XE2=324, (10.14) 
with all variables of P4I not appearing in this equation having the value 0. But 
then the system of constraints (10.3)-(10.5), (10.8) and (10.9)-(10.14) reduces to a 
square system of nine equations whose unique solution implies (10.1). This proves 
Theorem 10.1. 0 
11. A corner-slicing triangulation of the 6-cube with cardinality 324 
Sallee and Biihm have given triangulations of I 6 with 324 simplices, but they are 
not corner-slicing triangulations [13,3]. In this section we show there is a triangula- 
tion which contains the corners at all the odd vertices and has cardinality 324. 
Suppose T is such a triangulation. Then T must satisfy (10.1). For definiteness, 
suppose one of the two XEO simplices in T is the simplex SXEO(l) represented by 
-00001 1- 
000101 
001001 
010001 . 
100001 
000000 
-1 11 1 11, 
(11.1) 
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From our adjacency table we then determine the five XEI simplices of T which are 
adjacent to SXEO(l). We denote these by SXEl (i), i= 1, . . . . 5. Each of these five 
uniquely determines four adjacent XE2 simplices and a total of 10 XE2 simplices in 
T are generated in this manner. From these 10, which we denote by SXE2(i), 
i=l > ...7 10, a total of 10 more XE2 simplices in Tare similarly uniquely determined. 
We denote these by SXE2(i), i= 11, . . . , 20, and these determine five more XEI 
simphces in T (SXEl (i), i = 6, . . . , 10) and in turn these generate another XEO simplex 
(SXEO(2)). Thus 31 other simplices of Tin XEOuXEI uXE2 are uniquely determined 
by SXEO( 1). Moreover, each of these 3 1 simplices is represented by a matrix obtained 
from (11.1) by replacing certain rows among the first five rows by their antipodal 
vertices. Explicitly 
for SXEl(i), i= 1,. .., 5, replace one row; 
for SXE2(i), i= 1,. .., 10, replace two rows; 
for SXE2(i), i= 11, . . . . 20, replace three rows; 
for SXEl(i), i=6, . . . . 10, replace four rows; and 
for SXE0(2), replace all five rows. 
This program of unraveling T is almost at its end. The 32 simphces we know so far in 
T uniquely determine 20 more XN3 simplices in T. But these 52 simplices do not 
uniquely determine other simplices and there appear to be too many possibilities to 
explore. 
We change directions and show that the set of XEO, XEI, and XE2 simplices above 
can be enlarged to be a triangulation of Q6 and then further enlarged by including the 
corners at the odd vertices to be a triangulation of Z6. 
Theorem 11.1. The collection T= (SXEO(i): i= 1,2} u{SXEl(i): i= 1,2, . . . . 10) u 
{SXE2(i): i= 1,2, . ...20} IS a triangulation of the 6-cross polytope, 
P=c0nv{000000,000011,000101,001001,010001,100001, 
111111,111100,111010,110110,101110,011110}. 
Proof. One can check that the volume of P is 128/6! and then use Theorem 2.3 to 
establish this theorem. 0 
Applying Theorem 2.4 we enlarge T to a triangulation T’ of Q6 which, as one can 
check, necessarily contains 20 distinct XN3 simplices adjacent to the XE2 simplices. 
Now Q6 has volume 688/6! with 208/6! units occupied by the 52 volume-4/6! simplices 
which we know T’ contains. This leaves 480/6! units for the remaining simplices of T’, 
none of which can have volume smaller than 2/6!. Thus the triangulation T’ contains 
at most 292 simplices. Again using Theorem 2.4, T’ can be enlarged to a triangulation 
T” of X6. One sees that the last enlargement consists of adjoining the corners at the 
odd vertices and thus T” has at most 324 simplices. Then by Theorem 10.1 we proved 
that T” contains exactly 324 simplices. 
Minimum-cardinaiity triangulations qf the d-cube 117 
Theorem 11.2. There is a triangulation of I6 with cardinality 324 which contains the 
corners at all the odd vertices. 
This completes our justification of Theorem 10.2. 
12. Comments 
This paper leaves open the unrestricted problem for Z6 as well as the problem for 
higher dimensions. My impression is that, with significant computer assistance and 
much more effort, a linear programming approach along the lines of this paper could 
be carried out for Z6, but that little hope is justified for higher dimensions. 
My guess is that for I ‘, the approach of the current paper should be modified so 
that one finds almost all configuration classes and creates all meaningful equations 
each one balancing the simplices on both sides of the facets from some equivalence 
class of facets. Then the process of building the constraints would be more systematic 
and require less insight. The main hurdle is finding the classes of facets. One would be 
working with much bigger linear programming problems with perhaps several thou- 
sand variables. 
Our triangulation in Section 11 generalizes other even dimensions. In dimension 
4 the analogue is a minimum-cardinality triangulation. I have no insight into ana- 
logues in dimension 8 or more. 
The methods of this paper should be helpful in creating various triangulations of 
cubes. 
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